ABSTRACT. The norms of modular cusp forms, viewed as belonging to the Bers' spaces of integrable and bounded forms, are estimated in terms of the Fourier coefficients of the cusp form.
In [5] R. A. Smith found upper and lower bounds for the L2-norms of Maass wave functions which were also simultaneous eigenfunctions of the Hecke operators. His bounds depended on the size of the first Fourier coefficient c/(l) of / and elucidated the connection between |c/(l)| and the L2-norm of / under two different normalizations of /. Analogous results are examined here for cusp forms on subgroups of the classical modular group which can be viewed as belonging to the Bers' spaces Br(G), Ar(G), and A2(G). Estimates are given which have bearing on the numerical calculation of the various norms and which emphasize the connection between the first nonzero Fourier coefficient of the cusp form and the value of the norm. 
||/r||00>|c(n)|(Ar/(47r(n + fc)e))r/2 n + k>0.
Here T(a + 1, x) = fx yae~y dy is an incomplete gamma function.
PROOF. To prove (2) we first note that c(n)e-2n{n+k)y/x = X-1 f fr(z)e-2m^n+k)x'x dx Jo from which it follows that Ar/2|c(n)|r(r(22Mn+l5r/+2-1)/A) = A|c(n)l /" yr/2~2e-2^k^ dy /OO r\ J r'/2-2\fr(z)\dxdy <\\fr\\i\G(l):G\.
A similar argument yields (3); and (5) is merely Hecke's classical coefficient estimate, c(n) = 0(nr/2), with the constant made explicit. D REMARK. When r = 12 and v = 1, the only cusp form for the full modular group is the classical discriminant function A(2). In [2] it is shown that ||A|| 1 = .00070225689, UAH«, = 2.02716776 x 10~3.
Zagier [6] calculates that HAH?, = 1.03536205679 x 10~6.
From (2) and (5), both with n = 1, and (4) valid for any weight and multiplier system as long as G is a congruence subgroup, depends on ||/r||2-More recently, Iwaniec [1] showed that c(n) = 0(nr/2-2/7d(n)log2(2n)) for n square-free, weights which are half of an odd integer, and groups G = To(N), N = 0 (mod 4). However, he assumes that fr is normalized so that ||/r||2 = 1.
Alternatively, estimates of the form c(n) -0(rír¡2~1tA+E) are available (see [3] , for instance) when r = k/2, k an integer, the multiplier system is of arithmetic type, and G is a congruence subgroup. However, the implied constant does depend on the weight r whether the estimate is obtained using Poincaré series or using the Hardy-Littlewood circle method. In both cases, the resulting norm estimates are not nearly as good as those in Theorems 2 and 3.
As a result, it appears best to restrict to those cusp forms on the full modular group whose coefficients satisfy the Ramanujan-Petersson coefficient estimate as proved by Deligne; namely, (6) \c
where d(n) is the divisor function. In particular, r is an even integer, the multiplier system is identically one, fr is an eigenform of the Hecke operators, and c(l) is normalized so that c(l) = 1. By combining Theorems 1, 2, and 3, one obtains upper and lower bounds on the various norms of cusp forms on the full modular group whose Fourier coefficients satisfy (6) . It is worth pointing out that there is room for improvement in these bounds.
For instance, for ||/r||2 the lower bound is r(r -l,47r)/(47r)r-1 whereas the upper bound is 0 (r1+2eT(r -l,47r)/(47r)r-1) .
The other natural normalization of cusp forms when viewed as integrable and bounded forms is to require that the respective norm be one. In this case, Theorems 1, 2, and 3 (where c(n)/c(l) now satisfies (6)) can be reinterpreted as giving information on the size of |c(l)|. In particular, if ||/r||2 = 15 then |c(l)|2<(47rr-1/r(r-l,47r) < (47r)'-1e47(47r)'-2 = 47re-47r.
Again, the question of the exact order of growth of |c(l)| as a function of r remains open.
